We analytically calculate the equilibrium sequence of the corotating binary stars of incompressible fluid in the first post-Newtonian(PN) approximation of general relativity. By calculating the total energy and total angular momentum of the system as a function of the orbital separation, we investigate the innermost stable circular orbit for corotating binary(we call it ISCCO). It is found that by the first PN effect, the orbital separation of the binary at the ISCCO becomes small with increase of the compactness of each star, and as a result, the orbital angular velocity at the ISCCO increases. These behaviors agree with previous numerical works. PACS number(s): 04.30. Db, 04.25.Nx, Typeset using REVT E X
I. INTRODUCTION
The laser interferometers such as LIGO [1] , VIRGO [2] , GEO600 [3] and TAMA300 [4] are currently being constructed and the detection of gravitational waves is expected in this decade. One of the most important astrophysical sources of gravitational waves for these detectors is the coalescing binary neutron stars(BNS's) because the gravitational waves emitted in the inspiral phase (the so-called last three minutes) [5] have frequencies in the sensitive region of these detectors, i.e., from 10Hz to 1000Hz. We will be able to know each mass, spin, and so on of the BNS's if we could obtain an accurate theoretical template for data analysis [6] . Hence, much theoretical works have been done to complete it [7] [8] [9] .
When the orbital separation of the BNS's becomes a few times of the neutron star(NS) radius as a result of the radiation reaction of gravitational wave emission, the hydrodynamical effect becomes important. In such a phase, the wave form of gravitational waves is expected to be sensitive to the NS structure, especially the relation between the radius and mass of the NS. Therefore, if gravitational waves from such a phase are detected, we may constrain the equation of state(EOS) of the NS [10] [11] [12] . In particular, the important quantity is the location of the innermost stable circular orbit(ISCO), which will have an information on the EOS of the NS.
There have been many analyses for the ISCO using some approximations of general relativity [13] [14] [15] [16] , but in order to determine the precise location of the ISCO, we need fully general relativistic(GR) numerical simulation, which is a very difficult method.
Recently, Wilson and his collaborators [17] have performed numerical simulation for obtaining the equilibrium sequence of the BNS and its ISCO solving semi-relativistic equations.
The results they have obtained are very interesting, but the accuracy of their results is still in question because they do not show any calibration of their numerical code using test problems. Furthermore, they do not seem to perform any important analysis to their numerical results. When we carry out a large numerical simulation, it is required to perform a detailed analysis after the computing in order to explain the numerical results. The analysis is desired to be done by comparing the analytical or semi-analytical estimates. If the numerical results qualitatively agree with such an analytical calculation, we can firmly believe the numerical results and also can understand details. Hence, with a large scale simulation, it is favorable to prepare some analytical models in order to understand the essence included in the numerical results.
For that purpose, we here analytically solve the Darwin problem in the first PN approximation. The Darwin problem is concerned with the equilibrium and the stability of a homogeneous fluid star rotating around another one taking into account the mutual tidal interactions [18] . We assume that each NS in the binary system is composed of the incompressible and homogeneous fluid. The reward is that all the calculations can be done
analytically. This means that we can obtain a strict solution of a BNS including the GR effect without any large supercomputing. Our results will be very helpful for understanding how the finite-size effects as well as the GR one of the NS's influence to the location and the orbital angular velocity at the ISCO, and for the analysis of large scale simulation. This paper is organized as follows. In section II, we show the basic equations to solve the PN Darwin problem. By using the first tensor virial(TV) equations, we derive the angular velocity of corotating binary systems in section III. In section IV, we show the equations of the total energy and the total angular momentum for corotating binary systems.
In section V, we calculate the equilibrium sequences and determine the location of the energy and angular momentum minimums(we call it the innermost stable corotating circular orbit(ISCCO) to distinguish it from the innermost stable circular orbit(ISCO) ‡ ). Section VI is devoted to summary.
Throughout this paper, we use the unit of G = 1, and c denotes the light velocity. Latin indices i, j, k, · · · take 1 to 3, and δ ij denotes the Kronecker's delta. We use I ij and I − ij as ‡ This point is the secular instability limit, and not the dynamical instability limit(i.e., ISCO).
The ISCO will locate inside the ISCCO [23] .
the quadrupole moment and its trace free part, [19] and it can be written as [20] [21]
where 2) and U, X 0 , X Ω , andβ ϕ are the gravitational potentials. In this paper, we consider the equilibrium sequences of BNS's of equal masses(M 1 = M 2 = M) whose coordinate separation is R § . We assume that the center of mass of a star (star 1) locates at the origin and the other one (star 2) locates at (x 1 , x 2 , x 3 ) = (−R, 0, 0)(see fig.1 ). Due to the symmetry, we only pay attention to the equilibrium configuration of star 1 in the following.
The main purpose of this paper is to calculate the PN correction of the angular velocity, the energy and the angular momentum for the Darwin problem. In the Newtonian order, the angular velocity(Ω N ) becomes [23] (see below for derivation) § The coordinate condition in this paper is the standard PN one [22] .
and
A ij··· are index symbols introduced by Chandrasekhar [18] , and
where α 2 = a 2 /a 1 and α 3 = a 3 /a 1 . Note that U 2→2 and U 1→2 are obtained by changing
In the Newtonian order, the pressure is written as
P 0 is calculated from the scalar virial relation as 12) and α 2 and α 3 are determined from [23] − P 0 ρa
13)
14)
As in the case of U, the PN potentials are divided into two parts as
, and we consider them separately.
• Contribution from star 1:
is derived from the Poisson equation [20] 16) and the solution becomes
where
18)
19)
, and D 1ii are the solutions of equations 23) and the solutions at star 1 are [18]
24)
where y 1 = −(x 1 + R), y 2 = x 2 and y 3 = x 3 . The solution is written as
where D
2→1
ij··· are calculated from the same equations as the case of D ij··· [18] , i.e.,
32)
Then the solution is
• Contribution from star 2:
The equation X
2→1 Ω may be written as
Then, using D
ij··· , the solution is easily derived as
The definition ofβ ϕ is [20] 
where P 1 and P 2 satisfy,
, where
Substituting expressions for the gravitational potentials derived in subsections A−D into Eq.(2.1), the integrated form of the Euler equation is written as
where δU is the PN correction of U which we will mention in the next section. In the following, we do not need γ 0 , γ i , and γ ij (see below), but need β 0 , β i and β ij , which are
48)
50)
51)
52) A. The Post-Newtonian Deformation
The density profile of an incompressible, homogeneous sphere in the PN order is the same that that in the Newtonian order. However, the density profile of an ellipsoid in the PN order is different from that in the Newtonian order. The Chandrasekhar's method to calculate the PN effects on the uniformly rotating isolated bodies is as follows [19] . First, he constructs the ellipsoidal figures in the Newtonian order. Then, he regards the PN effect as a small perturbation to the Newtonian configuration, and calculates the deformation from the Newtonian ellipsoid using the Lagrangian displacement. Solving the equations for the Lagrangian displacement and calculating the correction to U by the deformation, he has obtained the equilibrium configuration in the PN order. In this paper, we follow his method.
Although the deformation from the ellipsoidal figure will really occur by the PN effect, we will show in this subsection that it is a small effect compared with leading terms shown in Eq.(2.4). Hence, for readers who are not interested in such a verification, we recommend to skip to the next subsection.
In order to express Eq.(2.47) using only the coordinates and the index symbols, we have to calculate δU which is defined as
Here, ξ i denotes the Lagrangian displacement of the fluid element induced by the PN correction, and is used to guarantee that the pressure of the deformed Darwin ellipsoid at the boundary becomes zero. This means that it is determined from γ 0 , γ i , γ ij , β 0 , β i and β ij in Eq.(2.47) in general.
In choosing ξ i , we require it to be divergent free because δρ = − i ∂ i (ρξ i ). To obtain
N , we only need the following * * :
Thus, we set
where S 0 , S 21 and S 22 are constants. In this case, we can get δU of the contribution from star 1 as
The contribution from star 2 is defined as
Here, the integral is performed in star 2, and ξ where
In order to get the orbital angular velocity, we also have to calculate the second and the last terms of the right-hand side of Eq.(3.2) which are occurred by the displacement of the fluid element by the PN correction. The second term is 13) and the last one can be evaluated as follows: First, the contribution from star 1 is zero
(3.14)
The contribution from star 2 becomes At the deformed surface of the Darwin ellipsoid, the pressure must vanish. This condition
where we use the equation of the boundary surface at the deformed Darwin ellipsoid
Eq. 
Before proceeding further, we comment on the mass of the system and definition of the center of mass for each star. This is because there are several definitions of them in the PN approximation, and we should clarify the difference between the similar ones.
First, we consider the conserved mass which is defined as
where ( I − 11 ) * = M * I − 11 /M. Thus, Ω 2 looks as if it depends on the internal structure of the star even for the limit a i /R → 0. Since we believe that in the equation of motion(EOM) for the point particle, the quantities depending on the internal structure does not appear, M * is not desirable to describe the EOM for the point particle. Instead, in the case when the EOM is derived, one usually adopts the PPN mass [24] defined as
where U self and v self are the self gravity part of the Newtonian potential and the spin velocity of each star. When we rewrite Eq.(3.36) using the PPN mass, the orbital angular velocity does not depend on the internal structure of the star and agrees with that for the point particle [7] in the limit a i /R → 0 as
where ( I − 11 ) PPN = M PPN I − 11 /M. Thus, when we compare the present results with the point particle calculations, we should use the PPN mass. In the present case, however, M PPN is not a conserved quantity although M * is. When we consider a sequence of the equilibrium configuration as an evolutionary sequence, we should fix M * .
Next, we consider the definition of the center of mass for each star. In the PPN formalism, it is defined as [24]
and the x 1 coordinate of the center of mass for star 1 deviates from 0 to
Thus, in the PPN formalism, the following orbital separation should be used;
It is worth noting that when we define the center of mass by the conserved mass as
the result is the same up to O(R −4 ). Thus, in this paper, we do not have to distinguish R * from R PPN . Even in the general cases, the difference between R * and R PPN is expected to be small.
Using R * and/or R PPN , Ω 2 is rewritten as
Here, we should note that the effect of the spin-orbit coupling terms will appear in Ω 2 from
PPN ) [8] . According to the PN study, it becomes
where we omit other terms which do not concern in this discussion. Eq. 
IV. THE ENERGY AND THE ANGULAR MOMENTUM

A. The Total Energy
The PN total energy is calculated from
2 , where [22] [20]
For the PN Darwin problem, they become
3)
where we use the equilibrium equations (2.12)−(2.15) and Ω 2 to reduce Eq.(4.4) to Eq.(4.5).
If we substitute Ω 2 into the above formulas, E may be rewritten as E N + E PN /c 2 where
6)
B. The Total Angular Momentum
We can calculate the PN total angular momentum from
where [22] [20] 9) and v ϕ = Ω̟ 2 . For the PN Darwin problem, they become
10) If we substitute Ω 2 into the above formulas, J may be rewritten as J N + J PN /c 2 where
V. EQUILIBRIUM SEQUENCE OF THE POST-NEWTONIAN DARWIN
ELLIPSOID
In this section, we construct the equilibrium sequences of the PN Darwin ellipsoids fixing M * and ρ as follows;
(1) using Eqs.(2.13)−(2.15), we numerically calculate the equilibrium sequences of the Newtonian order. Up to this stage, α 2 , α 3 , andR = R/a 1 are determined.
(2) a 1 is determined from the condition M * =constant using Eq.(3.37): 
where Then, using the numerical value of α 2 , α 3 , andR determined at (1), we calculate the sequence of the angular velocity, the energy and the angular momentum as a function of the orbital separation.
We repeat this procedure changing the mean radius of each star a * . Once a sequence is obtained, we search the minimum point of the energy. If we find it, we call it the ISCCO.
In figs. 2(a) and (b), we showẼ andJ as functions of the normalized separation R * /a * ,
The figures show the important fact that the orbital separation at the ISCCO decreases approximately in proportion to M * /c 2 a * , i.e., the characteristic value of the compactness of each star.
In fig. 3 , we show the normalized orbital angular velocityΩ = Ω/ √ πρ at the ISCCO as a function of compactness. We showΩ at the energy minimum as well as that at the angular momentum minimum. The figure indicates that two minimums are almost coincident, but slightly different. The deviation between the location of the minimums of the energy and the angular momentum comes from the fact that we assume a * /R * is a small parameter, and expand the energy to O(R −4 ) and the angular momentum to O(R −1 ). In any case, we may expect that the ISCCO locates near two minimums. Fig. 3 clearly shows that the orbital angular velocity at the ISCCO increases almost linearly with increase of the compactness.
Since the PN approximation is valid only for small compactness, we can not do solid estimate ofΩ at the ISCCO for a realistic NS of M * /c 2 a * ∼ 0.2. Here, we dare to extrapolate this results to the realistic NS's. Then, we can find that the angular velocity at the ISCCO is about 10% larger than that in the Newtonian case.
Before closing this section, we summarize the numerical results in Table I . In Table I , † denotes the point of the ISCCO defined by the energy minimum. We note that in the Newtonian order, the axial ratios α 2 and α 3 at the ISCCO are 0.8573 and 0.7995, respectively [23] . Thus, the PN effect increases α 2 and α 3 at the ISCCO; i.e., tidal deformation is weak compared with the Newtonian case. The reason for such a behavior seems to be that each star of binary is forced to be compact due to the PN gravity(see Eq.(5.1)), and as a result, the tidal force is less effective than in the Newtonian case.
VI. SUMMARY
In this paper, we have calculated the equilibrium sequences of the corotating BNS's of the incompressible fluid using the first PN approximation of general relativity. The conclusions are as follows.
(1) due to the PN effect, the orbital separation at the ISCCO(secular instability limit) decreases in proportion to the compactness of the star M * /c 2 a * .
(2) the orbital angular velocity at the ISCCO increases in proportion to the compactness of the star M * /c 2 a * .
(3) the reason for features (1) and (2) is that each star is forced to be compact due to the PN gravity and as a result, the tidal effect becomes less effective compared with the Newtonian binary.
These results agree with the recent numerical study by Shibata [20] .
Since the analysis in this paper is done almost analytically, the equilibrium sequence obtained may be regarded as the exact solution of the Einstein equation for the limit of small compactness M * /c 2 a * ≪ 1 and a * ≪ R. Recently, two groups have been performed numerical computations for obtaining the equilibrium state of BNS's using the semi-relativistic approximation [17] [25] . The present solution is useful to check their numerical solutions as well as to understand the essence in their results.
Finally, we comment on the possibility of extending this work to the compressible fluid case. In this paper, it is found that the deformation of the ellipsoidal figure due to the PN gravity is small effect to the angular velocity, so that the ellipsoidal model for the density configuration may be a good approximation. If we determine the density configuration as the ellipsoidal approximation as was done by Lai, Rasio and Shapiro [23] , we only need to carry out the integrals which appear (a) in calculating the angular velocity by the first TV equation , and (b) in calculating the energy and the angular momentum, which can be done 
